TROPICAL SPECTRAL CURVES, FAY'S TRISECANT IDENTITY, 
AND GENERALIZED ULTRADISCRETE TODA LATTICE 



REI INOUE AND SHINSUKE IWAO 

Dedicated to Professor Tetsuji Mima on his 60th birthday 

Abstract. We study the generalized ultradiscrete periodic Toda lattice 7(M, N) which 
has tropical spectral curve. We introduce a tropical analogue of Fay's trisecant identity, 
and apply it to construct a general solution to 7(M,N). 



1. Introduction 

The ultradiscrete periodic Toda lattice is an integrable system described by a piecewise- 
linear map [9] . Recently, its algebro geometrical aspect is clarified [2J O H] by applying 
the tropical geometry, a combinatorial algebraic geometry rapidly developed during this 
decade [TJ [T3]. This system has tropical spectral curves, and what proved are that 
its general isolevel set is isomorphic to the tropical Jacobian of the tropical hyperelliptic 
curve, and that its general solution is written in terms of the tropical Riemann's theta 
function. The key to the solution is the tropical analogue of Fay's trisecant identity for a 
special family of hyperelliptic curves [3]. 

On the other hand, there exists a generalization of discrete periodic Toda lattice 
T(M,N), where M (resp. N) is a positive integer which denotes the level of general- 
ization (resp. the periodicity) of the system. The M = 1 case, T(1,N), is the original 
discrete Toda lattice of A^-periodicity. When gcd(M, N) = 1, T(M, N) reduces to a special 
case of the integrable multidiagonal Lax matrix |15| . and the general solution to T(M, N) 
is recently constructed [8]. 

The aim of this paper is twofold: the first one is to introduce the tropical analogue 
of Fay's trisecant identity not only for hyperelliptic but also for more general tropical 
curves. The second one is to study the generalization of ultradiscrete periodic Toda lattice 
T(M, N) by applying the tropical Fay's trisecant identity, as a continuation of the study 
on 7(1, N) 0E1I1]. 

This paper is organized as follows: in §2 we review some notion of tropical geometry 
[ITJ[l2j[6], and introduce the tropical analogue of Fay's trisecant identity (Theorem I2.2p 
by applying the correspondence of integrations over complex and tropical curves [6]. In 
§3 we introduce the generalization of the discrete periodic Toda lattice T(M, N) and 
its ultradiscretization 7(M,N). We reconsider the integrability of T(M,N) (Proposition 
I3.ip . In §4 we demonstrate the general solution to T(3, 2), and give conjectures on 7(M, N) 
(Conjectures ED and IP]). 

In closing the introduction, we make a brief remark on the interesting close relation 
between the ultradiscrete periodic Toda lattice and the periodic box and ball system (pBBS) 
[9], which is generalized to that between 7(M, N) and the pBBS of M kinds of balls |14t l7]. 
When M = 1, the relation is explained at the level of tropical Jacobian [2j. We expect 
that our conjectures on 7(M, N) also account for the tropical geometrical aspects of the 
recent results [10J on the pBBS of M kinds of balls. 
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2. Tropical curves and Riemann's theta function 

2.1. Good tropicalization of algebraic curves. Let K be a subfield of C and K £ be 
the field of convergent Puiseux series in e := e -1 / £ over K. Let val : K £ — > Qu{oo} be the 
natural valuation with respected to e. Any polynomial f £ in K £ [x, y] is expressed uniquely 
as 

fe = T, w =( wi ,w 2 )ez 2 a w {e)x^y w \ a w (e) G K £ . 

Define the tropical polynomial Val(X, Y;f E ) associated with f £ by the formula: 
Val(X,Y;f £ ) := min to62 2 [val(a TO ) + w\X + W2Y]. We call Val(X, Y;f e ) the tropicaliza- 
tion of f £ . 

We take f £ G if e [x,y]. Let C°(/ e ) be the affine algebraic curve over AT £ defined by 
/ £ = 0. We write C(f e ) for the complete curve over AT e such that C(f e ) contains C°(f £ ) as 
a dense open subset, and that C(f e ) \ C°(f £ ) consists of non-singular points. The tropical 
curve TV(f e ) is a subset of M 2 defined by: 



TV(f e ) = \(X,Y)€ 



the function Val(X,Y;/ £ ) 
is not smooth at (X, Y) 

Denote A(X,Y;f £ ) := {w G 1? | Val(X,F;/ e ) = val(a m ) + wil + w 2 Y}. The definition 
of the tropical curve can be put into: 

TV(f £ ) = {(X, Y) G M 2 I (JA(X, Y; f £ ) > 2}. 

For P = (X,Y) G M 2 , we define f £ p := E^ e A(x,y ; / £ ) a w x w ^. 

To make use of the results of tropical geometry for real/complex analysis, we introduce 
the following condition as a criterion of genericness of tropical curves. 

Definition 2.1. We say C(f £ ) has a good tropicalization if: 

(1) C(/ e ) is an irreducible reduced non-singular curve over K £ , 

(2) f £ = defines an affine reduced non-singular curve in (K £ ) 2 for all P G TV(f £ ) 
(maybe reducible). 

Remark 2.1. The notion of a good tropicalization was first introduced in [BJ Section 4.3]. 
The above definition gives essentially the same notion. 

2.2. Smoothness of tropical curves. For the tropical curve V := TV(f £ ), we define the 
set of vertices V(T): 

V(T) = {(X,Y) G r I IA(X,Y;f e ) > 3}. 

We call each disjointed element of T \ V(T) an edge of T. For an edge e, we have the 
primitive tangent vector £ e = (n,m) G 1? as gcd(n, m) = 1. Note that the vector £ e is 
uniquely determined up to sign. 

Definition 2.2. §2.5] The tropical curve T is smooth if: 

(1) All the vertices are trivalent, i.e. %A(X,Y; f £ ) = 3 for all (X,Y) G V(r). 

(2) For each trivalent vertex v G V(r), let £1, £2 and £3 be the primitive tangent vectors 
of the three outgoing edges from v. Then we have £1 + £2 + £3 = and |£j A £j| = 1 
for i^je {1,2,3}. 

When r is smooth, the genus of T is dim .ffi(r, Z). 
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2.3. Tropical Riemann's theta function. For an integer g £ Z>o, a positive definite 
symmetric matrix B G M ff (R) and /3 G M 9 we define a function on M 9 as 

^(m, Z) = ^mBm 1 + m(Z + (Z £R 9 , m G Z 9 ). 

The tropical Riemann's theta function G(Z; B) and its generalization 9[/3](Z; B) are given 

by pa Eg 

Q(Z;B) = min g (m,Z), 

6[/3](Z;B) = ^B/3 ± + /3Z ± + min 03(111, Z). 

2 rngZ' 

Note that 9[0](Z;B) = Q(Z;B). The function 9[/3](Z;F) satisfies the quasi-periodicity: 

9[/3](Z + Fl) = —IKl 1 - YL L + 9[/3](Z) (1 G Z 9 ). 

We also write 6(Z) and 9[/3](Z) for 9(Z; 5) and 9[/3](Z; B) without confusion. We write 
n = ar gmGZf 9/3( m , z ) wh en min meZ s ^(m, Z) = ^(n, Z). 

2.4. Tropical analogue of Fay's trisecant identity. For each e G M>o, we write C(f £ ) 
for the base change of C(/ e ) to C via a map t : i£ e — >• C given by e •->• e. 

Theorem 2.1. [6, Theorem 4.3.1] Assume C{f £ ) has a good tropicalization and C(f £ ) is 
non-singular. Let B £ and Bt be the period matrices for C(/g) and TV{f £ ) respectively. 
Then we have the relation 

1,T£ -.B- £ ~ Bt (s -> 0). 



(It follows from the assumption that the genus ofC(f £ ) and C(f £ ) coincide.) 

A nice application of this theorem is to give the tropical analogue of Fay's trisecant 
identity. For the algebraic curve C{f £ ) of Theorem 12. 1[ we have the following: 

Theorem 2.2. We continue the hypothesis and notation in Theorem \2.1l and assume 
TV(f e ) is smooth. Let g be the genus of C(f £ ) and (a,/3) G \ I? 9 be a non-singular odd 
theta characteristic for Jac(C(/ e )). For P±, P 2 , P3, P4 on i/ie universal covering space of 
TV(f £ ), we define the sign Sj G {±1} (i = 1,2,3) as s, = (— l) ki , where 

ki = 2a • arg mgZ9 ^(m, / ) + arg mGZS ^(m, 



Jp 3 ypj 
/ rPi rP2 

k 2 = 2a • arg mgZ9 ^(m, / ) + arg meZS ^(m, / ) 

V JP S JPi 

k 3 = 1 + 2a ■ ^arg meZfl qp(m, jf ) + arg m6ZS ^(m, ^ ) j 

5et the functions Fi(Z), F 2 (Z), F 3 (Z) o/Z G M 9 as 



/•Pa 

Fi(Z) = 9(Z+ / ) + 9(Z + 
M 

F 2 (Z) = 9(Z+ / ) + 9(Z + 

7Po 





+ 9[/3]( 


/•p 2 


+ 9[/3] 


<r 










J Pi 


r» 


+ 9[/3]( 




+ 9[/3] 


(/ 


/pi 




'p 3 




Jp 4 



I Pi 

/•P3+P4 fP3 f P 2 

F 3 (Z) = 9(Z+/ ) + e(Z) + 9[/3](/ ) + 9[/3](/ ) 
JP1+P2 JPi J Pi 



Then, the formula 

F i (Z)=mm[F l+1 (Z),F i+2 (Z)} 
holds if Si = ±1, Si + i = Si + 2 = =Fl for i G Z /3 Z. 



(2.1) 



This theorem generalizes (2j Theorem 2.4], where C(f £ ) is a special hyperelliptic curve. 
We introduce the following lemma for later convenience: 

Lemma 2.1. [2J Proposition 2.1] Let C be a hyperelliptic curve of genus g and take 
/3 = (/?■) • ellP. Seta = ((Xj)j G 



3)3 *~ 2 

a 



I 7.9 



f/.S 



1 1 



2"-"' x ' 2 

where i is defined by the condition (3j = (1 < j < i — 1) and /3j 7^ mod Z. XTiera (a, /3) 
is a non-singular odd theta characteristic for Jac(C) . 

2.5. Tropical Jacobian. When the positive definite symmetric matrix B G M g (M) is the 
period matrix of a smooth tropical curve T, the (^-dimensional real torus </(T) defined by 

J(r) := R 9 /Z g B 

is called the tropical Jacobian [12] of Y. 

3. Discrete and ultradiscrete generalized Toda lattice 

3.1. Generalized discrete periodic Toda lattice T(M,N). Fix M,N G Z >0 . Let 
T(M, N) be the generalization of discrete periodic Toda lattice defined by the difference 
equations [H] 



Jt+l + y*+M _ Jt + yt 
T/*+M ri+1 _ r< 



J n+1 k th 



(n G Z/NZ, t GZ/M), 



(3.1) 



1) JV 



on the phase space T: 

{ (4, j*"* , . . . , C ^ , vX=i,..,n g d A ' +1 ) 

AT N _ 

II II J ™ +3? = 0> • • • > M - !) are distinct }. 



(3.2) 



71=1 



71=1 



Eq. (|3.ip is written in the Lax form given by 

L t+ \y)M\y)=M t {y)L\y), 

where 

L\y) = M\y)R t+M *r ( y ) . . . Rt+it (y)R t {y), 

(II 1 \ /l 



(3.3) 



#(v) 



r* i 



p i 



v* 1 



w 1 



V 



y 



The Lax form ensures that the characteristic polynomial Det(L*(y) — xIn) of the Lax 
matrix L l {y) is independent of t, namely, the coefficients of T)et(L (y) — xl/v) are integrals 
of motion oiT(M,N). 
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Assume gcd(M, N) = 1 and set dj = [ ^ M+1 M (j = 1,...,M). We consider three 
spaces for T(M,N): the phase space T (|3,2|) . the coordinate space L for the Lax matrix 
L (y) (|3,3|) . and the space F of the spectral curves. The two spaces L and F are given by 

L = {(4,., 6f) i=1) ..., M , 3 =i,...,jv G C^ 1 )^}, (3.4) 

F = {y M+l + f M {x)y M + ■■■ + fi{x)y + f G C[x, y] 

1 (3.5) 
deg x /j(:c) < (j = 1, . . . ,M), -fi{x) is momc j, 

where each element in L corresponds to the matrix: 



/ 4,1 



L\y) 



*2,2 
i l,2 



M,M 



l 2,3 



l M,M+l 



"AT 

1/ 



\ 1/4,1 ••• v a% M,M-x y 

Define two maps -0 : T — ?■ L and <p : L ^ F given by 



a M,N-l 

1 M-1JV-1 



°N-1 



a: 



M,N 
M-1,N 



'i,jv 



^((/*,/^ M ,...,/* + M X) n=wv ) = 
</>(L*(y)) = (-l^+^Det^Cy) -xI N ), 

Via the map ?/> (resp. <f> o ip), we can regard F as a set of polynomial functions on L 
(resp. T). We write np for the number of the polynomial functions in F, which is 

n F = ~(M + l)(iV + l). 

Proposition 3.1. The np functions in F are functionally independent in C[T]. 

To prove this proposition we use the following: 
Lemma 3.1. Define 



A' 



II'- 

n=l 



N 



v l = \\Vn (tez, k = o,...,M-i). 



n=l 

k 



The Jacobian of if) does not vanish iff I t+ m ^ I t+ m for < k < j < M— 1 anc? /'+m ^ y* 
/or < fc < M- 1. 

Proof. Since the dimensions of T and L are same, the Jacobian matrix of ip becomes an 
(M + 1)N by (M + 1)N matrix. By using elementary transformation, one sees that the 
Jacobian matrix is block diagonalized into M + 1 matrices of TV" by N, and the Jacobian 
is factorized as 

M-l 

±DetB ■ Yl Det A (fe) , 
fc=i 
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where and B are 

A (k) = P (jt+i ) /*+^ 1 )p(/*+^ 



M 



Af-l + | fc-1 



P{I t+ — ,P + - 

(k=l,...,M-l), 
B = P^+tt 1 , V* )P(I t+M M 1 , v 4 ) • • • P(I t+ ltr, V l )P{l\ V*), 

K N \ 



( Ji 



P(J,K) 



£ Mjv(C). 



—Kjsf-i Jn I 

Since Det P(J, if) = Iln=l ^" ~~ 11^=1 ^n, w e obtain 

M-l 

Det £ • [J Det A<*> = f\ - V*) ■ J] - I*" 

fc=l 0<fc<M-l 0<i<fc<M-l 

Thus the claim follows. 

Remark 3.1. The above lemma is true for gcd(M, N) > 1, too. 



. j_ - 



□ 



Proof. (Proposition 13 . 1 j> 

Take a generic / 6 F such that the algebraic curve Ct given by / = is smooth. The 
genus g of Cf is |(iV — 1)(M + 1), and we have dimL = np + g. Due to the result by 
Mumford and van Moerbeke [151 Theorem 1], the isolevel set <^ _1 (/) is isomorphic to the 
affine part of the Jacobian variety Jac(C/) of Cf, which denotes dim<c<^ _1 (/) = g. Thus 
F has to be a set of np functionally independent polynomials in C[L]. Then the claim 
follows from Lemma 13. II 

□ 



3.2. Generalized ultradiscrete periodic Toda lattice 7(M,N). We consider the dif- 
ference equation ()3.ip on the phase space T £ : 



i ■ ■ ■ > J-n 

N 

71 = 1 



^ + ^,^)n=i,...^e^i v(M+1) 



{(44 +ir 

val(Jpn + *) <val(n^) (fc = 0,...,M-l), 

n=l n=l 

N k 

val( JJ In +I? ) (k = 0, . . . , M - 1) are distinct }. 



v 



n=l 



We assume gcd(M, iV) = 1. Let F £ C if e [x,y] be the set of polynomials over K £ defined 
by the similar formula to (|3.5|) . i.e. 



M 

Fe = {y M+1 + Yl /i( x V e K e\ x > V\ de &x fj ^ d 3' ~h( x ) is monic}. 



j=0 



The tropicalization of the above system becomes the generalized ultradiscrete periodic 
Toda lattice 7(M,N), which is the piecewise- linear map: 

x (neZ/iVZ, i€Z/M), (3.6) 

WT M =Qn+l+^n-Qn +1 , 

fc 

where = min _ E(^n-j " Qn-;)], 
on the phase space T: 

| ^(fn* <E^ (fc = 0,...,M-l), 

n n 

E Qn + ^ (fc = 0, . . . ,M — 1) are distinct } . 

n 

Here we set val(I* ) = Q l n and val(V^) = W*. The tropicalization of F £ becomes the space 
of tropical polynomials on 7: 

3~=<min (M + 1)Y, min [jy + min[d J X + F iirfj ,..., 

X + Fj, i, F,- ]] , F J F Ml = 0, F jti , F eR}. 
We write $ for the map 7 — > 7. 

3.3. Spectral curves for T(M, N) and good tropicalization. We continuously assume 
gcd(M,JV) = l. 

Proposition 3.2. For o generic point r S T e , i/iai is o point in a certain Zariski open 
subset ofT e , the spectral curve 4>o ip(r) has a good tropicalization. 

To show this proposition, we use the following lemma: 

Lemma 3.2. Fix I £ K £ [x,y] and set ht = y M+l — x N y + tl, where t 6 K e . Then C°(ht) 
is non-singular in (K*) 2 except for finitely many t. 

Proof. Fix a, b G Z as Ma — iVo = 1. (It is always possible since gcd(M, JV) = 1.) Then 
the map v : (K*) 2 — > (K* ) 2 ; (x,y) \-> (u,v) = (x N / y M , x a / y b ) is holomorphic. The push 
forward of ht/y M+1 by v becomes 

h ■- (ht/y M+1 )* = (l-u + tf) (leK^v,^ 1 ^- 1 }). 

By using the following claim, we see that C°(h) is non-singular. 

Claim 3.1. Fix f,g € FT e [u,w] suc/i i/iai C°(/) is non-singular, and f and g are coprime 
to each other. Define 

U = {t£ K £ | C°(f + ip) is singular } C FT £ . 
T/ien U is a finite algebraic set. 

Then the lemma follows. □ 



Proof. (Proposition I3.2p 

Recall the definition of good tropicalization (Definition 12. ip . 
The part (1) follows from Proposition 13.11 immediately. 
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The part (2): For any f £ £ F £ , it can be easily checked that if two points P\, P 2 G TV(f £ ) 
exist on a same edge of the tropical curve, then ff 1 = ff 2 . This fact implies that the set 
{/ e p | P G TV(f £ )} is finite. Therefore, the set 

A = {f £ G F £ | C Q {f £ ) is non-reduced or singular in (K £ ) 2 

for some P G TV(f e )} 

is a union of finitely many non-trivial algebraic subsets of F e ~ K £ F . Using Proposition 
3.11 (with the map i with any e G E>o) and Lemma f3.2l we conclude that ((/io^)" 1 (A) C T £ 
is an analytic subset with positive codimension. (We need Lemma 13.21 when f £ includes 
y M+x -x N y.) □ 



4. General solutions to T(M, N) 

M ' 



4.1. Bilinear equation. In the following we use a notation [t] = t mod 1 for t G 4. The 



following proposition gives the bilinear form for 7(M,N): 
Proposition 4.1. Lei {T*} ngZ . te ^ 6e a set of functions with a quasi-periodicity, T^ +N = 
T l n + (an + bt + c) for some a, b, c G E. Fix #M , 6>M G E suc/i i/iaf 

(a) <5 [t] + [ * ] does not depend on t, (b) 2b - a < N9 [t] for t G Z /M. 
Assume satisfies 

T l n + T* +1+ * = min[r* +1 + T^T*^^ + T* +1 + flW]. (4.1 
Then T* cn'wes a solution to (|3.6|) wa f/ie transformation: 

t (n-- , Ti-l+ J » ^n— 1 J n + ' 

= T£\ + - T* - T^ 1 + m + 9®. 
We omit the proof since it is essentially same as that of M = 1 case in [3j §3]. 
Remark 4.1. Via JO}, (J3S]| is directly related to 



(4.2) 



i 



t+TT 



j=0,...,M— 1 J J 

This is shown to be equivalent to (|4.ip under the quasi-periodicity of T^. See O Proposi- 
tion 3.3 and 3.4] for the proof. 

4.2. Example: T(3, 2). We demonstrate a general solution to T(3, 2). Take a generic 
point r G T £ , and the spectral curve C(f £ ) for T(3,2) on K £ is given by the zero of 
fe = 4>° G F £ : 

fe = y 4 + y 3 ho + y 2 (xf 21 + f 20 ) + y (-x 2 + xf u + / 10 ) + f . 

Due to Proposition 13.21 C(f £ ) has a good tropicalization. The tropical curve T := TV(f £ ) 
in E 2 is the indifferentiable points of £ := Val(X, Y; / e ): 

min [4Y, 3Y + F 30 , 2Y + min[X + F 21 , F 20 ], Y + min[2X, X + F n , F 10 ], F ] . 

We assume that T is smooth, then its genus is g = 2. See Figure [1] for T, where we set 
the basis 71 , 72 of 7i"i (r) . The period matrix B for Y becomes 

B _ 1 — 7Fn + F20 Fix — F 2 q 
Fix — F 2 q Fix + F20 



Figure 1. Tropical spectral curve F for 1(3,2) 



and the tropical Jacobi variety J(T) of V is 

j(r) = m 2 / 1? b. 

We fix 6 points on the universal covering space of T as follows: 



L = J p =(Fo-3F 11 ,F U/ 

Ai = / = (Fio — 2Fn, — F20), A2 = / = (0, F20 — -P30)) 
J Q JQ 

pA x rP 

A 3 = / = (0,F 30 ), A= / =(F 10 -2F n ,0). 



Here the path 7q_ >j 4 3 from Q to A3 is chosen as ^q^a 3 H 71 n 72 / 0. Remark that 
A = Ai + A2 + A3 holds. 

Proposition 4.2. Fix Zo G M 2 . T/ie tropical theta function Q(Z; B) satisfies the following 
identities: 

e(z ) + e(z +A + A i ) 

,, - 4.3) 
= min[G(Z +A) + 9(Z +Ai), 9(Z -L) + 9(Z +L + A + A,) + 0*], 

/or i = 1,2, 3, w/zere 6>i = F - 3Fn and 2 = 6> 3 = F - 2F n . 

Proof. Since the curve C(f e ) is hyperelliptic, we fix a non-singular odd theta charac- 
teristic as (a,/3) = ((5,0), (|, |)) following Lemma I2TT1 By setting (Pi, P2, P 3 , P4) = 
(R,Q,P, A 4 _j) in Theorem for i = 1,2,3, we obtain ([O]) . □ 

Now it is easy to show the following: 
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Figure 2. Tropical spectral curve T for 7{M,N) 



Proposition 4.3. (i) Fix Z G M 2 and {i,j} C {1,2,3}, and define T* fry 
T* = 9(Z -Ln + At), 

T* + ^ = e(Z -Ln + Xt + Ai), (t€Z). 
T* + 5 = 6(Z -Ln + Xt + Ai + Ay), 

TTten i/iey satisfy the bilinear equation (|4.ip tuif/i #1°] = 9i, #W = 9j and #W = 6*^, where 
{fc} = {l,2,3}\{*,j}. 

fij and 5^1 = Fq — 2Fn — (A; = 0,1,2), we obtain a general solution to 

T(3,2). 

Remark 4.2. Depending on a choice of {i, j} C {1, 2, 3}, we have 3! = 6 types of solutions. 
This suggests a claim for the isolevel set <3? _1 (£): 

^>-\0 ~ j(r)® 6 . 

4.3. Conjectures on 7(M,N). We assume gcd(M, iV) = 1 again. Let T be the smooth 
tropical curve given by the indifferentiable points of a tropical polynomial £ G 3~ (|3.7p . 
We fix the basis of 7ri(T) by using j^j (i = 1, . . . , M, j = l,...,d{) as Figure [2j The 
genus ^ = h{N — 1)(M + 1) of T can be obtained by summing up dj from j = 1 to 
max i= i.... jM {i | > 1}- 

Fix three points P, Q, R on the universal covering space T of T as Figure [2l and define 
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Fix Ai (i = 1, . . . , M) on V as Figure El such that 

Ai= / (i = l,...,M) 

satisfy A = X^f=i ^i- 

We expect that the bilinear form (|4.ip is obtained as a consequence of the tropical Fay's 
identity f^T) . by setting (Pi, P 2 , P 3 , P 4 ) = (P,Q,P,^) in Theorem O The followings 
are our conjectures: 

Conjecture 4.1. Xei §m be the symmetric group of order M. Fix Zq £ R 9 and a £ §>m, 
and set 

k k 
Tn +JI = 9(Z -Ln + M + 

i=l 

for k = 0, . . . , M — 1. Then the followings are satisfied: 

(i) T* satisfy (03]) with some 6®. 

(ii) T* gives a general solution to T(M,N) via (|4.2p . 

Conjecture 4.2. The above solution induces the isomorphism map from J(r)® M! to the 
isolevel set <3? -1 (£). 

Remark 4.3. In the case of T(l, g + 1) and 7(2g — 1, 2), the smooth tropical spectral curve 
T is hyperelliptic and has genus g. For 7(1, g + 1), Conjectures 14. II and 14.21 are completely 
proved 011]. For T(3, 2), Conjecture [HQ is shown in $01 
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